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Abstract. We review the Beilinson-Ginzburg construction of equivariant derived categories 
of Harish-Chandra modules, and introduce analogues of Zuckerman functors in this setting. 
They are given by an explicit formula, which works equally well in the case of modules with 
a given infinitesimal character. This is important if one wants to apply Beilinson-Bernstein 
localization, as is explained in [MPl]. We also show how to recover the usual Zuckerman 
functors from the equivariant ones by passing to cohomology. 



Introduction 

One of the basic problems in representation theory is to understand hnear representa- 
tions of a real semisimple connected Lie group Go with finite center. One can instead study 
related problems of understanding g-modules, where g is the complexified Lie algebra of 
Go, or (g, i^r)-modules, where K is the complexification of a maximal compact subgroup 
of Gq. 

To be more specific, let M.{q) be the abelian category of modules over g, or equivalently 
over the enveloping algebra of g. Let K be an algebraic group acting on g via inner 
automorphisms, such that the differential of this action identifies the Lie algebra toiK with 
a subalgebra of g. Then one can define an abelian category ^A{Q,K) of Harish-Chandra 
modules for the pair (g, K). This category consists of g-modules with an algebraic action of 
K satisfying the usual compatibility conditions; see §1. Clearly, there is a natural forgetful 
functor from M.{q, K) into M.{q). 

In the late seventies, G. Zuckerman proposed a homological construction of Harish- 
Chandra modules based on the following observation. Let T be a closed subgroup of K. 
Then there is a natural forgetful functor from 7W(g, K) into A^(g, T). This functor has a 
right adjoint functor F^^ j-, called the Zuckerman functor. Roughly speaking, F^^: attaches 
to a Harish-Chandra module in A^(g, T) its largest Harish-Chandra submodule for (g, K). 
Zuckerman functors are left exact and usually zero on "interesting" modules. Therefore, 
one uses the machinery of homological algebra and considers their right derived functors. 
Using them, one can construct "a lot of" (g, K)-modules. For example, if g and K are 
related to Go as above, then all irreducible (g, -ftr)-modules are submodules of modules 
obtained in this way for certain specific choices of (g, T)-modules for various suitable 
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(reductive) T. See for example [Vo] or [KV]. We review the Zuckerman construction 
briefly in §1; a more detailed review is contained in [MPl], §1. 

As usual, if one wants to study homological algebra of an abelian category A., the nat- 
ural setting is the derived category D{A) of A. In our case, one can consider the bounded 
derived categories D'^{A4.{QtT)) and D^{M.{q^K)) of complexes of Harish-Chandra mod- 
ules, the forgetful functor from D'^{M.{q,K)) into D^{M.{q,T)) and its right adjoint, the 
derived Zuckerman functor RTk,t from D^{M.{q^ T)) into D^{M.{q., K)). One can recover 
the "classical" derived Zuckerman functors by applying RTk,t to a single module and then 
taking cohomology. 

On the other hand, a powerful algebro-geometric method of studying g-modules is the 
localization theory, due to A. Beilinson and J. Bernstein. Let ^ be a maximal ideal in the 
center Z{q) of the enveloping algebra U{q) and denote by Ue the quotient of U{q) by the 
two-sided ideal generated by 9. As before, we can define the abelian categories Ai{Ug) 
and }A(U0,K) of g-modules, resp. Harish-Chandra modules, with a given infinitesimal 
character determined by 6. By the Harish-Chandra homomorphism, 6 corresponds to 
a Weyl group orbit in the linear dual [)* of a Cartan subalgebra \) of g. To each A in 
t)*, Beilinson and Bernstein attach a sheaf of twisted differential operators T>\ on the 
flag variety X of g. They prove that the global sections r(X, Vx) of Vx are equal to 
Ug, and that the higher cohomology vanishes. They define the localization functor from 
the category M.{lAe) into the category of quasicoherent T) x-iaodvles M.{T>x) on X by 
^a(^) — ®U0 V- In the case of a regular infinitesimal character, and A which satisfies a 
geometric positivity condition, the localization functor A ^ is an equivalence of the category 
M.{lAe) with Ai{T>x)- Its quasi-inverse is the functor of global sections r(X, — ). Under 
this equivalence, the category Ai{V(g,K) of Harish-Chandra modules corresponds to the 
category M.{Vx,K) of Harish-Chandra sheaves. Without the positivity condition, the 
localization functor induces an equivalence of corresponding derived categories D^{A4{Ug)) 
and D''{M.{T>x)). This enables one to apply the machinery of sheaf cohomology theory 
to the study of representations. Many results have been obtained using this method, the 
most famous one being the proof of Kazhdan-Lusztig conjectures. 

It is a natural problem to try to connect these two constructions and "localize" the 
Zuckerman functor construction. The solution is not obvious, as the homological properties 
of the categories Mig, K) and M-iVx) are quite different. Still, Bernstein managed to 
find a partial solution in the case when A satisfies the geometric positivity condition so 
that the localization functor is exact. Also, Hecht, Milicic, Schmid and Wolf in their 
Duality Theorem calculated the cohomology of "standard" Harish-Chandra sheaves on the 
fiag variety in terms of "standard" Zuckerman modules, which can be interpreted as a 
particular instance of this problem. 

In the meantime, the notion of equivariant derived category of Harish-Chandra modules 
(and D-modules) has been introduced by Beilinson and Ginzburg ([BB], [G]; see also 
[BL2] and [MPl], §2). An analogous construction for equivariant sheaves has been done 
by Bernstein and Lunts. This category can be used as a bridge between the above two 
theories. Namely, it allows localization in a natural way, and on the other hand it carries the 
information about homological algebra of Harish-Chandra modules as well. The reason for 
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the better behavior of this category with respect to locahzation is the fact that its definition 
is based on the notion of "weak Harish-Chandra modules." These are defined in the same 
way as Harish-Chandra modules, but the compatibility conditions are relaxed: the two 
actions of t are no longer required to agree. In particular, free W(g)-modules are weak 
Harish-Chandra modules for the pair (g, K) (but they are not Harish-Chandra modules). 
Similarly, free ZY^-modules are weak (We, -ftr)-modules, and consequently it is easy to study 
localization theory for such modules. In §2 we review the Beilinson-Ginzburg construction, 
including some details that are usually not mentioned. 

A technical complication is that the equivariant derived category of Harish-Chandra 
modules D^{q,K) is a triangulated category, but not a priori a derived category of any 
abelian category. Therefore, its use requires some modifications of standard tools used in 
homological algebra. In particular, a generalization of the notion of derived functors to 
the case of an arbitrary triangulated category and its localization due to P. Deligne, [De] 
is used. In this setting the place of projective and injective resolutions is taken by the 
notions of 5-projective and 5-injective objects in the triangulated category in question; 
here <S is the localizing class defining the localization. These objects were first defined 
by Verdier in [Ve]; he calls them "free on the left" (respectively right). In the setting of 
homotopic categories, they were further studied and applied by Spaltenstein in [Sp] and 
Bernstein and Lunts in [BLl] and [BL2] under the name of K-projectives and K-injectives. 
One can find an account of this material in the Appendix of [P2], together with a summary 
of some mostly well-known properties of adjoint functors, with emphasis on their use in 
homological algebra. 

§3 is devoted to the construction of the equivariant analogues F^^^ of the derived 
Zuckerman functors. is defined as the right adjoint of the forgetful functor from the 

equivariant derived category D{q, K) into D{g, T). Analogously, one can define a variant of 
this functor : D{Uo, T) D{Ug^ K). It is shown how both of them can be described 
by the same explicit formula, involving the standard complex N{V) of 6. The main technical 
result here is that N{t) is a K-projective equivariant (t, T)-complex; see §3.2. Furthermore, 
it is proved that in the case of F^ : D{q, T) D{g, K), when applied to a single Harish- 
Chandra module V, this formula gives a complex with cohomology modules equal to the 
"classical" derived Zuckerman functors of V. In fact, in this case the formula reduces to 
the Dufio-Vergne formula 1.3.3; see [DV] and [MPl], 1.6. All of the above is also true on 
the level of the bounded equivariant derived categories. 

It is explained in [MPl] how these results can be used to localize the Zuckerman con- 
struction. 

Finally, let me mention that, as indicated in [MPl], one can use localization of the Zuck- 
erman construction to obtain a formula for the cohomology of standard Harish-Chandra 
sheaves in terms of the derived Zuckerman functors. As a special case one can recover 
the Duality theorem of Hecht, Milicic, Schmid and Wolf from [HMSW]. The details will 
appear in [MP2]. 

Most of this paper comes out of my 1995 University of Utah Ph.D. thesis, which was 
written under guidance of my advisor Dragan Milicic. I am very much indebted to him 
for his generous help and many suggestions and ideas he supplied me with. I would also 
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like to thank David Vogan for several useful conversations. 

1. Harish-Chandra modules and Zuckerman functors 

1.1. Harish-Chandra pairs and modules. Let K be a complex algebraic group and t 
its Lie algebra. We recall that an algebraic representation of K is a vector space V with 
a iiT-action, which is a union of X-invariant finite-dimensional subspaces Vi, so that the 
action on each Vi is given by an algebraic group morphism K — > GL(Fj). 

Let A be an associative algebra with identity, with an algebraic action of K 

(f) : K ^Aut(A), 

and a Lie algebra homomorphism ijj from i into A such that the following conditions hold: 
(Al) ijj is K-equi variant, i.e., 

V' o Ad/c = (j){k) o ip for aU k e K; 

(A2) The differential of the action is the same as the action oi I on A given by inner 
derivations ipiOj ^ ^ ^) 

for any ^ E t and a E A. 

These conditions are related, but in a general situation none of them implies the other. 

A pair {A, K) as above is called a Harish-Chandra pair. The main examples come from 
a similar notion of a "classical" Harish-Chandra pair, when A is replaced by a Lie algebra 
g. Let be a complex Lie algebra, and K a (usually reductive) algebraic group over C, 
acting algebraically on g via a morphism (f) : K ^ lnt(0) of algebraic groups. Assume 
further there is a ET-equi variant embedding if; of the Lie algebra t oi K into 0, such that 
the differential of (j) is equal to ado'?/;. Then {q-,K) is called a (classical) Harish-Chandra 
pair. 

In this situation, (U{q), K) is a Harish-Chandra pair as above: defines an action of K 
on U{q) in an obvious way, and defines an embedding of t into U{q); the compatibility 
conditions (Al) and (A2) clearly hold. An important special case of this is when G is a 
real semisimple Lie group, g its complexified Lie algebra, and K the complexification of 
the maximal compact subgroup of G. The map (j) is just the adjoint action and il^ is the 
inclusion of I into U{q}. 

Another set of examples is obtained from a complex Lie group G; let g be the Lie 
algebra of G, and K be any algebraic subgroup of G, like a Borel subgroup or its unipotent 
radical; K can also be G itself. The maps (j) and are, as before, the adjoint action and 
the inclusion. 

In the above cases, when g is semisimple, one can also take A to be the quotient lie 
of U{q) corresponding to an infinitesimal character given by the Weyl group orbit 9 of an 
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element of the dual of a Cartan subalgebra of Q. This is particularly important for us, as 
it is the setting of the Beilinson-Bernstein localization theory. 

Finally, we will occasionally us another simple example: ^ = C, and K is an arbitrary 
algebraic group; (p is the trivial action on C and i/j is 0. 

A vector space V is called a weak {A, K)-module or a weak Harish- Chandra module for 
the pair [A, K) if: 

(HCl) V is an ^-module with an action tt; 

(HC2) V is an algebraic K-module with an action v\ 

(HC3) for any a & A and k E K we have 

7T{4>{k)a) = u{k)7T{a)u{k)-^; 

i.e., the ^-action map A^V is K-equi variant. 

In future we will denote the representation tt o ip of t on V simply by tt. This should 
not create confusion; in fact in the most important examples is injective and t can be 
identified with a Lie subalgebra of A. 

The action u of K differentiates to an action of i which we denote also by u. We put 
a;(^) = - 7r(0 for ^ G t The following lemma is [MPl, 2.1]. 

1.1.1. Lemma. Let V be a weak {A, K) -module. Then 

(i) CO is a representation oft on V; 

(ii) uj is K-equivariant, i.e., 

a;(Ad(/c)0 = u{k)uj{^Hk)-' 

for ^ et and k e K. 

(iii) 

[a;(O,7r(a)] = 0, 

for a e A and ^ e t. □ 

We say that a weak {A, i^)-module V is an {A, i^)-module if a; = 0, i.e., if in addition 
to (HC1)-(HC3) it satisfies: 

(HC4) 7r(0 = HO for all C e t 

A morphism a :V of two weak {A., i^)-modules is a linear map which is a morphism 

for both A- and module structures. We denote by M.{A., K)yj the category of all weak 
(^, K)-modules, and by A4{A., K) its full subcategory of (^, K)-modules. Clearly, these 
are abelian categories. 

The inclusion functor from A4{A,K) into M.{A, K)yj has both adjoints. They are 
defined as follows. Let U G A4{A, K)^]. Let 

= {ueU\ oj{Ou = 0, C e 
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be the fi-invariants in U with respect to uj and let 

Ut = U/uj(t)U 

be the fi-coinvariants of U with respect to uj. Then 1.1.1 imphes that the actions of A 
and K on U induce actions on and t/f . It is now clear that is the largest (A^ K)- 
submodule of C/, and that is the largest {A, i^)-quotient of U . This immediately implies 
the following proposition. 

1.1.2. Proposition. For any {A, K) -module V 

Hom(_4_K) iy, U) = Hom(_4_^) {V, U^) and 

Hom(^,K)(t^, V) = Hom(^,K)(^«, V). 

In other words, the functors U i — > [/* and U i — > are right respectively left adjoint to 
the forgetful functor from M.{A, K) into A^(^, K)yj. □ 

1.2. Change of algebras. Let {A, K) and (B, K) be two Harish- Chandra pairs. Denote 
by "fpA and 4>b-, i^B the corresponding maps. Assume that there is a morphism of 
algebras ^ : B A such that 

7o0_4(/c) = 0b(/c) 07, keK, 

i.e., 7 is K-equi variant. If F is a weak {A, -fC)-module, we can view it as a weak (B, K)- 
module, where the action of B is given by Tt{b) = 7r{^{b)) for b E B. The equivariance 
condition is preserved because of the equivariance of 7. This defines an exact functor 
For = For5^_4 from the category A4{A, K)yj into the category M.{B, K)^. This forgetful 
functor has both adjoints. We will need the left adjoint, which we now describe. 

Let F be a weak {B, K)-module. We can consider ^ as a right B-module via the right 
multiplication composed with 7. Then we can form the vector space 

ind^,B(I/) = A®bV. 

One easily checks that this space becomes a weak {A, i^)-module if we let A act by left 
multiplication in the first factor, and K by the tensor product of the actions (f)j_ on A 
and uy on V. Furthermore, ind^^g is a functor from M.{B,K)yj into M.{A,K)yj. If 
we forget the i^T-action, then it is a well-known fact that this functor is left adjoint to 
the forgetful functor from ^-modules to i5-modules. However, the standard adjunction 
morphisms f 1— > 1 ® f , v E V ior a, i3-module V, and a ® f 1— > iTv{a)v, a G ^, f G F for an 
^-module V, are easily checked to be K-equivariant in our present situation. This implies 
the following proposition. 
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1.2.1. Proposition. Let ^ : B ^ A be a K-equivariant morphism of algebras. Let For be 
the corresponding forgetful functor from M.{A, K)yj into M.{B, K)^, and let the functor 
ind^,B be defined as above. Then ind^^B is left adjoint to For. □ 

In case K is reductive, we can use this result to construct projectives in the categories 
M{A,K)uj and M{A,K). Namely, clearly M{K) ~ M{C,K)uj and this category is 
semisimple, hence all its objects are projective. Furthermore, the inclusion C — > A given 
by A 1-^ Al is clearly i^-equi variant. Since Forc,y^, is exact, its left adjoint ind_4^c preserves 
projectives. So for any V G A4{A, K)yj, ind^^c(^) is a projective weak (^, i^)-module. 
On the other hand, the adjunction morphism '• ind^^c(^) ^ is surjective, since 
^'^(l <^v)=v for any v &V. So F is a quotient of a projective module. 

Using this together with 1.1.2, we can similarly prove that Ai{A, K) also has enough 
projectives. Hence we have proved 

1.2.2. Proposition. Let K be a reductive algebraic group. Then the categories M.{A, K)^ 
andA4{A,K) have enough projectives. □ 

The other adjoint is constructed similarly. It is given by 

WOA,B{V)=iiomB{A,Vr''^ 

for a weak i^)-module V, with suitably defined actions. Here VF"^^ denotes the K- 
algebraic part of a K-module W which is not necessarily algebraic. We omit the details, 
since we do not need the functor pro_4 ^ in this paper. 

Let us note that if we in addition assume that i/jj^ = 70 ■^g, then clearly Fotb,a 
sends Ai{A,K) into Ai{B,K). Moreover, an easy calculation shows that the (A;-action on 
ind^ B V is equal to the tensor product of the trivial action on A with LOy- It follows that 
ind^,B sends {B, K)-modules into {A., -ftr)-modules. This implies the following variant of 
1.2.1'. 

1.2.3. Proposition. Let : B ^ A be a K-equivariant morphism of algebras such that 
i^A — 7 o ^s- Then the functor ind^^s : A4{B,K) — > M{A,K) is left adjoint to the 
forgetful functor from M {A, K) into M {B, K) . □ 

An analogous result holds for the functor pro^ g. 

1.3. Change of groups and Zuckerman functors. Let {A,K) be a Harish-Chandra 
pair, with (t)K '■ K — > Aut(w4) and V'k : t ^ A the corresponding morphisms. 

Let T be another algebraic group and j : T ^ K a, morphism of algebraic groups. The 
main example is the inclusion of a closed subgroup. We denote the differential of 7 again 
by 7; in applications it will always be injective. It is easily checked that (A, T) becomes a 
Harish-Chandra pair if we define (px = (pK ° 7 and tpr = ipK ° 7- Moreover, composing the 
X-action with 7 to get a T- action clearly defines a forgetful functor from Ai{A, K)y^ into 
M.{A,T)^, and also from M.{A,K) into M.{A,T). We want to describe right adjoints of 
these forgetful functors. 
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First we treat the case T = {1}. Then, as was proved in [MPl, 2.2] (see also [MPl, 
1.2]), the right adjoint of For : M{A, K)^ M{A) is Indty, given by 

Ind„(V^) = R{K) ®V = R(K, V). 

Here V is an ^-module, R{K) denotes the space of regular functions on and R{K, V) 
denotes the space of valued regular functions on K. Recall that K acts on ln.dyj{V) by 
the right regular representation, and a & A acts on F e Indiy(F) by 

(7r(a)F)(/c) = TTv{(l>K{k)a){F{k)), k E K. 

The adjunction morphisms are given as follows. For V e M.{A, K)^, $y : V —>■ Indu,(For V) 
is the matrix coefficient map, given by 

^v{v)ik) = i'vik)v, V eV, k e K. 

For W e M{A), '^w •■ For(Ind^„(VF)) ^ W is the evaluation at 1. 

Composing Indw with the functor of taking ^-invariants with respect to to from 1.1.2, 
we get the functor Fx which is right adjoint to For : /A{A,K) — * Ai{A). One can use 
the functors Ind^, and to show the existence of enough injectives in M.{A.,K)u) and 
M{A,K); see [MPl, 1.3, 2.3]. Note that this is analogous to 1.2.2. 

Now we go back to the 'relative' case, when the group T is nontrivial. We first want 
to construct the right adjoint of For : M.{A, K)^ — > Ai{A,T)y^. Let F be a weak {A,T)- 
module. We can consider V as an ^-module and construct the weak {A, i^)-module 
lnd^{V) — R{K) ^ V as above. We define an action At of T on lnd^{V) as the tensor 
product of the left regular representation of T on R{K) (via 7) with the given action of T 
on V. Then it is easy to see that At commutes with the actions tt and u of A and K. 

It follows that the space Iw{V) of A^-invariants in lndw{V) is a weak (A, K)-submodule 
of IndTO(y). It is now easy to see that : J^{A, T)^ A4{A, K)^ is the right adjoint 
of the forgetful functor; the adjunction morphisms are obtained by restriction from the 
adjunction morphisms for Ind^,. 

Taking invariants with respect to ou, we get the functor V 1— > /u,(y)*, which is right 
adjoint to the forgetful functor For : M{A, K) M{A,T)^. Since M{A,T) is a fuU 
subcategory of Ai{A, T)^, by restricting the domain of this functor we get the right adjoint 
of the forgetful functor For : M{A, K) M{A,T); see [P2], A2.1.1. This functor is 
denoted by rK,T, and called the Zuckerman functor. 

Another construction of Tk,t was explained in [MPl, §1]; instead of fi-invariants with 
respect to the action we can take ^-invariants with respect to the action A^, which is the 
tensor product of the left regular action of i on R{K) with the given action on V. These 
two constructions agree because of the following formula which was proved below 2.4 in 
[MPl], and which implies that taking t- invariants with respect to cj or A^ gives the same 
result. 
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1.3.1. Lemma. For any E t, F e lndw{V) and k e K, 

(a;(OF)(A;) = -(A«(Ad(/c)e)F)(/c). □ 

So we have 

1.3.2. Theorem. The forgetful functor from M{A.iK) to T) has a right adjoint, 
the Zuckerman functor Tk,t- For an (A, T) -module V, 

rK,T{V) = Homt,T(C, R{K, V)), 

where C is the trivial {t,T)-module, R{K,V) is a {t,T)-module with respect to the ac- 
tion A = (A{, Ay), and the {A, K)-action on Tk,t{V) comes from the (A, K)-action on 
R{K,V). □ 

Being a right adjoint, Tk,t is left exact, and it has right derived functors (since there are 
enough injectives). The following is a version of the Duflo-Vergne formula [DV], which is 
an explicit formula for the derived Zuckerman functors holding under certain assumptions. 
It generalizes the formula for F^^ y from 1.3.2. A proof can be found in [MPl, 1.6]. 

1.3.3. Theorem. Assum,e that T is reductive and that A is a flat right lA{Vj-module for 
the right multiplication. Let V be an {A., T) -module. Then 

i?^rK,T(V^) =iy^(5,T;Ind^(F)) 

for p e where R{K,V) is a {t,T)-module with respect to the action A. The {A,K)- 
action on R^rK,T{V) comes from the {A, K) -action on R{K, V). □ 

One can also consider the derived functor RTk,t between the corresponding derived 
categories. However, 1.3.3 does not generalize readily to a claim about this functor. The 
situation is better in the setting of equivariant derived categories which we define in the 
following. 

2. Equivariant derived categories 

We are going to outline an algebraic construction of equivariant derived categories due 
to Beilinson and Ginzburg (see [BE], [G] and [BL2]). There is also a geometric construction 
due to Bernstein and Lunts [BLl]. 

2.1. Equivariant complexes. Let {A,K) be a Harish-Chandra pair. An equivariant 

{A, K) -complex is a complex V = V' of weak {A, i^)-modules, together with a family of 
linear maps i^ : V ^ V of degree —1, depending linearly on ^ e and satisfying the 
following conditions: 



(ECl) 



z^7r(a) = 7r(a)z^, ^ E t, a & A; 
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(EC2) ZAd(fc)^ = iy{k)i^iy{k)-\ ^et,keK; 
(ECS) i^ir, + irjH = 0, ^,'n&^; 

(EC4) di^ + i^d ^ uj{^) ^et 



Here tt and u are the actions of A and Koia.V,u; = i' — ttis the action of t from §1.1, and 
d is the differential of the complex V. 

Note that for any ^ G 6, C(;(^) is a morphism of complexes of w4-modules, which is 
homotopic to zero, being the homotopy. It follows that HP{uj{^)) — for any p e Z, so 
the cohomology modules of V are {A, -fC)-modules. 

A morphism between two equivariant {A, iir)-complexes is a morphism of complexes of 
weak [A, i^)-modules which commutes with the z^'s. We denote the category of equivariant 
(A, i^)-complexes by C{A, K). It is clearly an abelian category. 

2.2. DG algebras and modules. It will be convenient to reformulate the definition of 
equivariant complexes using the notion of DG modules over DG algebras. For more about 
these see [II]; see also [BLl] and [BL2]. The details needed here are written out in [PI]. 
The Lie algebra version of the theory is closely related with the theory of Lie superalgebras, 
which can be looked up in [Sch]. 

In the following, a complex will often be identified with the sum of its components 
with the natural grading. A differential graded (DG) Lie algebra is a complex of vector 
spaces with a graded bilinear operation [— , — ] called the supercommutator, satisfying 
the following conditions for any three homogeneous X,Y, Z e X>: 

(DGLAl) [X,Y] = -(-l)'^^s^'^*'s^[r,X]; 

(DGLA2) [X, [Y, Z]] = [[X, Y],Z] + (_i)degXdegy Z]]; 

(DGLA3) d[X, Y] = [dX, Y] + (-if^'^^lX, dY]. 

If we forget the differential and introduce the obvious Z2-grading, we get a Lie superalgebra. 

A differential graded (DG) module over c) is a complex V of vector spaces, with a graded 
action of D on y by linear endomorphisms, satisfying the properties 

[X, Y]v = XYv - (-l)d^s^<^^s>^yx^; 

and 

dv{Xv) = {dr,X)v+{-l)'^''^^Xdvv 
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for any (homogeneous) X,Y &X) and v &V. 

An example of a DG Lie algebra is a Lie algebra considered as a complex concentrated 
in degree zero. The example important for us is the DG Lie algebra fi, corresponding to a 
Lie algebra t, defined as follows. As a complex of vector spaces, t is 

...O^t^t^O..., 

with i appearing in degrees —1 and 0. The supercommutator is defined in the following 
way: on t° = fi it is just the commutator of fi, fi""*^ supercommutes with itself, and for 
X ef,^e t-\ [X, in is the same as [X, ^] in t, understood as an element of | . 

It is straightforward to check that in this way t becomes a DG Lie algebra. Furthermore, 
K acts on | by adjoint action on each component. This is clearly an algebraic action by 
chain maps. 

The reason for our interest in this is the following. Let V be an equivariant (^4, K)- 
complex. We can define an action of | on F as follows: X E = t acts by oj{X) while 
^ e acts by i^. The fact that this is a DG action is equivalent to (ECS), (EC4), and 
the fact that c<; is a representation of i. Furthermore, (ECl), (EC2), and the analogous 
properties of u> from 1.1, say that this is a K-equivariant action which commutes with the 
action of A. 

Now we want to pass to associative algebras. An associative DG algebra is a graded 
algebra V with unit, which is also a complex of vector spaces, such that d{l) = and for 
any homogeneous x,y e V, 

d{xy) = d{x)y+{-lf''^-xd{y). 

Any (associative) DG algebra is a DG Lie algebra, if we define 

[a,6] = a6- (-l)d''sadegb^^ 

for homogeneous a and 6 in D. 

A morphism of two DG algebras is a map that is both an algebra homomorphism and 
a morphism of complexes. A (left) DG module over a DG algebra P is a graded (left) V- 
module M, which is also a complex of vector spaces, such that the grading of the module 
is the same as the grading of the complex, and the following condition holds: 

dM{xm) = {dx)x)m + {—lY^^^x{dM'm) 

for any homogeneous x eT) and m E M. 

An example of a DG algebra is any associative algebra considered as a complex con- 
centrated in degree 0. The most important examples for our purposes are the universal 
enveloping algebras of DG Lie algebras (concretely, of |) . These are defined analogously to 
ordinary enveloping algebras, and enveloping algebras of super algebras (see [Sch]). Start- 
ing with a DG Lie algebra c), we first define its tensor algebra T{X>); as an algebra, it is the 
ususal tensor algebra. The grading is given by 



deg(Xi (g) 



•®Xfc) =degXi + 



■ + degXk 
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for homogeneous Xi, . . . , Xj^ e 0, and the differential is given by 

fc 

d{Xi ® • • • ® Xfc) = ^(_l)degXi + ...degX,_i^^ ® • • • ® X^.i ® ® X^+i ® • • • ® Xfc 

and (i(l) = 0. It is easy to check that in this way becomes a DG algebra. Then we 
consider the two-sided ideal X of T[q) generated by the elements of the form 

X®Y - (_l)degXdegyy (g) X - [X, Y] 

for homogeneous X,Y E'O. One checks that X is a DG ideal, i.e., a graded ideal closed 
under the differential. It follows that the universal enveloping algebra 

= r(t))/X 

of 3 is a DG algebra. There is an obvious DG Lie algebra morphism 0:0 — >U{'0), and the 
following universal property holds: for any DG algebra V and a DG Lie algebra morphism 
/ from D into V (considered as a DG Lie algebra as above), there is a unique DG algebra 
morphism / from U{d) into V such that / = / o 0. In particular, M is a DG module over 
D if and only if it is a DG module over IA{D). 

The proof is the same as for Lie algebras, as is the proof of the following version of the 
Poincare-Birkhoff-Witt Theorem. 

2.2.1. Proposition. Let Xi, . . . , X^, Yi, . . . , Ym he a basis oft) consisting of homogeneous 
elements, with Xf- 's even and Y^ 's odd. Then 

iXi^...XtYr...Yt)i,ez^,j,e{o,i} 

is a basis ofU{d). □ 

Using this and a straightforward calculation of the differential, we obtain the following 
(known) result which goes back to Cartier; see [BL2], 1.9.7. Recall that the standard 
complex N{t) of a Lie algebra t is defined by 

with the differential given by 

p 

d{u® Xi A--- AXp) = "^{-lY'^uXi O Ai A • • • A Ai A • • • A Xp+ 

i=l 

^{-ly+'u (g) [Aj, Ai] A Ai A ■ ■ ■ A A''j A ■ ■ ■ A Ai A ■ ■ ■ A Ap. 

j<i 
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2.2.2. Proposition. Let t be a Lie algebra. As a complex of vector spaces, is 
isomorphic to the standard complex N{t) oft. □ 

In particular, it follows that N{t) has an algebra structure. The same structure is 
described in [MPl, §3]. 

We see that our equivariant {A, i^) -complexes are DG modules over N{t). This suggests 
the following definitions. Let V he a DG algebra with an algebraic action % of -ftT by (DG) 
automorphisms, and with a morphism p : 6 — > D of DG Lie algebras, such that the same 
conditions as for A are satisfied: p is K-equi variant, and the differential of the action x is 
the same as the action of t on V given by inner derivations [p(^), — ]. Such a P is called a 
Harish-Chandra DG algebra in [BL2]. Note that p being a morphism of DG Lie algebras 
implies that its image is contained in the cycles of V^. 

The main example for V is the standard complex of i, or of a Lie algebra q such that 
(0, K) is a Harish-Chandra pair. Other examples are T> = C or T> = U{t) (concentrated 
in degree 0). In these examples K acts trivially on C and by the adjoint action on U{t), 
N{t) and N{q), while p is the zero map, respectively the natural inclusion. 

We now define an (A, K, P)-niodulc to be a complex V of vector spaces, with actions tt 
of A, u of K and uofV, such that the following conditions hold: 

(AKDl) A and K act by chain maps, the K-action is algebraic, and the P-action is a 
DG- action; 

(AKD2) TT and oj are both i^-equivariant and they commute; 

(AKD3) The representations tt, w and u of t satisfy the relation tt + ui = f. 

A morphism between two {A, K, 'D)-modules is a chain map which preserves all the actions. 
The category Ai{A, K, V) of all (.A, P)-modules is clearly abelian. Examples of interest 
are the following: 

(1) V = N{t); then M.{A., K, V) is the category of equivariant {A, -fC)-complexes. 

(2) V = U{1); then M.{A, K, V) is the category of complexes of weak {A, -ftr)-modules. 

(3) V = C; then M {A, K, V) is the category of complexes of (A, K)-modules. 
We will describe the relationship between these categories in 2.5.2. 

Let us now briefly discuss right DG modules. A right module M over D is a right DG 
module if 

duimx) = {dMm)x+ (-l)'^''^"^m(cipa;) 

for any homogeneous x E T> and m E M. 

We can also define the opposite DG algebra as a complex of vector spaces it is 

the same as V, and the multiplication is given by 

xoy= (-l)'i«=g^'i«'gfya; 

for homogeneous x and y, where yx is the multiplication in T>. 

Then the category of left (respectively right) DG modules over T> is naturally isomorphic 
to the category of right (respectively left) DG modules over Namely if M is a left 

DG module over V, then it becomes a right DG module over V°pp if we define 

mox= {-l)'^''^'"^''^"'xm 
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for homogeneous x eV and m e M. 

In case T> = U{D) for a DG Lie algebra t), 1)°^^ can be identified with T>. Namely, let us 
define i : D ^ ^(5)°^^ by 

l{x) x = -X, X ex>. 

It is easily checked to be a morphism of DG Lie algebras. Therefore it defines a DG algebra 
morphism from V{{d) into W(c))°^^. In a Poincare-Birkhoff-Witt basis, t acts on monomials 
by hipping the order and putting an appropriate sign. So it is clearly an isomorphism. We 
will call L, understood as a map from U{D) into itself, the principal antiautomorphism of 
U{D). It is a generalization of the principal antiautomorphism in the case of ordinary Lie 
algebras. It clearly satisfies 

for homogeneous u,v E U{D). 

Note that we can use t to pass from left to right DG modules over U{D) and vice versa. 
Indeed, the following lemma holds. 

2.2.3. Lemma. If u) is a left (respectively right) action ofU{p) on M, then setting 

for homogeneous u e U{p) and m E M defines a right (respectively left) action ofU{D) on 
M. □ 

The above principal antiautomorphism is actually the antipode map for a Hopf algebra 
structure on Uiji). We will need this structure in Section 14, so let us briefly describe it. 

Let us first remark that for DG algebras V and £, we can define their tensor product 
V(g)£. It is equal to P as a vector space, it has the standard tensor product grading 
and differential (see the definition of the tensor algebra above), and the multiplication is 
given by 

for x,x' eV and y, y' G S. It is straightforward to check that V^S is a DG algebra. 
We now define c : d ^ U{0)'^U{()) by 

c(X) =X® 1 + XeXf. 

One easily checks that c is a morphism of DG Lie algebras, hence it extends in a unique 
way to a DG morphism c:U{d) h{{d)®l/({d). This is the coproduct for U{X>). 

The counit e : U{Xi) ^ C is defined by the requirements e{X)U{'i))) = and £(1) = 1. 

It is now straightforward to check the following: 

2.2.4. Proposition. With the above definitions, U{^) becomes a Hopf algebra. Moreover, 
the Hopf algebra structure is compatible with the DG algebra structure, in the sense that c 
and e are not just algebra morphisms, but DG algebra morphisms. □ 
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2.3. Homotopic and derived categories of {A, K, X')-modules. We first define the 
translation functor for {A, K, P)-modules. Let V be an (A, K, D)-module. Then T{V) = 
V[l] is the same as y as a weak i^)-module. The grading is shifted: T{Vy = V'^'^^, 
the differential is given by dT{v) = —dv, and the X'-action is twisted: 

u;Tiv){x)v ^ {-l)^'^^u;v{x)v, 

for homogeneous x E T> and v eV. It is clear that T{V) is again an {A, K, r')-module. If 
we define the action of T on morphisms just by shifting the degree: T{ fy = Z*"*"^, then T 
clearly becomes a functor. Moreover, T is an autoequivalence of the category A4{A, K, T>); 
the inverse is given by similar shifting but in the opposite direction. 

We say that two {A, K, V) morphisms / and g from V io W are homotopic if there 
exists h -.V ^ T~^{W)^ which is an {A^ K)-morphism and a P-morphism of degree 0, but 
not necessarily a chain map (so it is not a morphism in M.{A^ K,!))), such that 

f - g ^ hdv + dwh. 

For equivariant complexes {T> = N{t)), this condition just means that / and g are homo- 
topic as morphisms of complexes of weak {A, ii')-modules, via a homotopy which anticom- 

mutes with z^'s. 

We now define the homotopic category K{A, K, V). Its objects are D)-modules, 
and its morphisms are homotopy classes of morphisms in M{A, K, V). 

2.3.1. Proposition. The category K{A, K,V) is a triangulated category. 

Proof. The proof is basically the same as for the homotopic category of complexes over 
an abelian category. First, it is clear that the above translation functor descends to 
K{A, K^V)] namely, if /i is a homotopy from / to 0, then —h shifted in degree by 1 
is a homotopy from T(/) to 0. 

Next we define the cone of a morphism. Let f : V — > W he a morphism in Ai{A, K, V). 
As a weak {A, i^)-module and a graded P- module, the cone of / is C/ = T{V) © W. The 
differential of C/ is 

/ dTiV) \ 

\T{f) dwj- 

Then one easily checks that C/ is an {A, iiT, r')-module. 

The inclusion if -.W^Cf and the projection pf : Cf ^ T(V) are clearly (A, K, V)- 
morphisms. In this way we obtain the standard triangles 

V I^W XCf ^ T{V). 

We should show that these triangles are well-defined for a morphism / in the homotopic 
category K{A, K, V), i.e., that homotopic / and g give isomorphic triangles (in the obvious 
sense). Then we can define the distinguished triangles as all triangles in K{A, K, V) which 
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are isomorphic (in K{A, K,V)) to some standard triangle. Finally, we should check the 
axioms of triangulated categories. 

Note however that both our homotopies and cones are also homotopies and cones in the 
category of complexes of weak [A, i^)-modules. They only have the additional structure of 
graded D-morphisms, respectively modules. If we now go through the classical proof of the 
fact that K{M{A, K)^) is a triangulated category, we see that for the proof we only need 
to construct certain morphisms and homotopies. All these are given by matrices and all 
the components of these matrices are clearly graded P-morphisms in our case. Therefore 
the classical proof goes through without changes. □ 

To obtain the derived category D{A, K, V) of {A, K, P)-modules, we localize K{A, K, V) 
with respect to quasiisomorphisms, that is, morphisms in K{A, K, T>) which induce iso- 
morphisms on cohomology. 

2.3.2. Lemma. Quasiisomorphisms in K{A, K,V) form a saturated localizing class (or 
multiplicative system) compatible with triangulation. 

Proof. The proof of this lemma is analogous to the standard proof of the same fact for 
the homotopic category of an abelian category. The simplest approach is to first note that 
taking p^^ cohomology is a cohomological functor for every p, i.e., that for any distinguished 
triangle 

V ^ Z ^ T(V) 

in K{A, K, V) we have a corresponding long exact sequence of vector spaces 

> HP-\Z) HP{V) HP{W) HP{Z) HP+\V) ■■■ . 

This immediately implies that / is a quasiisomorphism if and only if Z is acyclic, i.e., 
HP{Z) = for aU p. 

The above claim about quasiisomorphisms is therefore equivalent to the fact that acyclic 
objects form a null system in K{A,K,I)) (as defined in [KS], Definition 1.6.6.), with the 
additional condition corresponding to the saturation condition: any direct summand of an 
object in J\f is in J\f. It is trivial to check that this is indeed the case. For details, see [PI], 
5.2.2 and 1.1.9. □ 

It is a standard fact (see [KS], Proposition 1.6.9. or [GM]) that if the above conditions 
are satisfied, then the localized category D{A, K, V) inherits the structure of a triangulated 
category. The distinguished triangles in D{A, K^V) are simply all triangles isomorphic in 
D{A, K, V) to distinguished triangles in K{A, K, V). 

2.3.3. Corollary. The category D (A, KjV) is a triangulated category. □ 

In case T> = N{t), which is our main example, the category D{A, K, N{t)) is called 
the equivariant derived category of {A, K) -modules. We will sometimes denote it just by 
D{A, K), and the corresponding homotopic category by K{A, K). 

All the above goes through without changes for complexes bounded above, below, or 
from both sides. The corresponding derived categories are denoted by D*{A, K, V), where 
* can be — , +, or h (or nothing in the case of the full derived category as above). 
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In case the DG algebra V is nonpositively graded, i.e., = for z > 0, as is true 
in all the examples we wish to consider, we can also introduce the standard concept of 
truncations on D{A^ K, V). 

Let V be an (^, I?)-module with differential d. We define V<q by 



VP p<q 
p = q 
p> q. 



= { kerdi p = q 



and V>q by 



>Q 




Using the fact that V is nonpositively graded, it is easy to check that V<g is an {A, K, V)- 
submodulc of V, and that V>q is the quotient of V by an (^4, -ftT, P)-submodule. In par- 
ticular, they are both {A, K, D)-modules. Furthermore, the natural projection from V to 
V>g_i_i induces a quasiisomorphism from V/V<q to V>g+i. It follows (cf. [KS], Proposition 
1.7.5.) that from the short exact sequence 

O^V<q^V^ V/V<q 

in A4 {A, K, V) , we get a distinguished triangle 

V<q^V ^ ^>g+l ^ T{y<q) 

in D{A^ K, V). Therefore we proved: 

2.3.4. Proposition. For any V in D[A., K, V) and any integer p there is a distinguished 
triangle 

V<p^V^ V>p+i ^ T{V<p) 

inD{A,K,V). □ 

The standard proof of the following fact now goes through. Let D : M.{A.i K) — > 
D*{A., K) be the functor sending a module M to the equi variant complex concentrated in 
degree and having M as its zeroth component. Then: 

2.3.5. Corollary. The functor D from Ai {A, K) to D''{ A, K) is fully faithful. Its image 
is a generating class ofD^{A,K). □ 

2.4. Functors between homotopic categories. In the next sections we will construct 
various functors on the level of {A, K, P)-modules, and then we will need to show that 
they make sense on the level of homotopic categories. In this section we give a criterion 
that will be useful in such situations. 

Let us fix two triples, {A^K^V) and {B,T,£), as in Section 2.2. Let Fi be an additive 
functor from Al(^, -fC, X>) into A1(B, T, and let F2 be an additive functor between 
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the corresponding categories of graded modules, A4'^^{A., K, V) and Ai^^{B, K, S). Here 
morphisms of graded modules are required to be of degree 0. Assume that the diagram 

M{A,K,V) — ^ M{B,T,S) 



For 



For 



commutes. Here For denotes the obvious forgetful functors. Then we will loosely denote 
both Fi and F2 by F and think of F as a functor defined both on the level of DG modules 
and on the level of graded modules, in a compatible way. We also assume that F commutes 
with translations, i.e., that both Fi and F2 commute with translations. 

Now we need to define the Hom -complex. Let V and W be two objects of Ai{A, K, V). 
First we define 'H.om.'^{V, W) to be just the standard Hom' of complexes. In other words, 

Hom^(F, W) = JjHomc(F^ W^+'') 
3 

and the differential is given by df = dw of — {—^)^^^^f o dy for a homogeneous / e 
Hom£(V, W). More precisely, 

for / = (/,) e n,- Homc(y^ W^+'^). 

Now we define Hom|^^^^ ^) ^ ^^e linear subspace of Homc(y, VF), consisting of 
{A, -fC) -morphisms whose homogeneous components / satisfy 

f{xv) = (-l)^^s/dega:^j^^) 

for any homogeneous x E T> and v E V. It is easy to see that Homj-^^^^ 2?)(^) ^) is 
actually a subcomplex of Hom^(y, VF), and that Homj-^ -p-j is an additive bifunctor into 
the category C{Vectc) of complexes of vector spaces. 

Note that Homyv((yi,i^,D)(V^, VF) consists of 0-cycles in HomJ-^^ -p^ (F, VF), and that 
iiomx (A,K ,v){V: W) is the zeroth cohomology space of the complex Hom^-^^^^ 

Now we return to a functor F as above. Since {A, K, P)-maps of degree k between V 
and W are the same as {A, K, 'D)-maps of degree between V and W[k]^ and F commutes 
with translations, we see that F defines a linear map 

F = Fv,w ■.^ora^j,^^^^){V,W) ^^ora^^^T,^S){nV),F{W)). 

2.4.1. Theorem. Let F he a functor as above, such that for any V and W in M.{A, K, V) 
the linear map Fv,w defined above is a chain map. Then F defines an exact functor from 
K{A,K,V) into K{B,T,£). 
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Remark. Recall that an exact functor between triangulated categories is a functor com- 
muting with translation and sending distinguished triangles to distinguished triangles. 

Proof. Since Fy^w is a chain map, it defines a map on the level of cohomology, so it defines 
a map on the level of homotopic classes of morphisms. Therefore to finish the proof, it 
is enough to show that F preserves cones (we already assumed that F commutes with 
translation) . 

Let f : V W he a, morphism in M.{A, K, V). Since F is additive and commutes with 
translation, F{Cf) — CF{f) as graded £^)-modules. So we only need to show that 

the differential of F{Cf) is equal to the differential rfF(/) of the cone CF(^f^, i.e., that 

In the following we denote the inclusions and projections corresponding to direct sum 
decompositions by i and p with appropriate indices. 

Since iw '■ W ^ Cf and Pt{v) '■ Cf T(V) are chain maps, they are cycles in the 
corresponding Hom' complexes. Thus F{iw) — iF{w) and F{px^v)) = Pt{f{v)) are also 
cycles, i.e., 

dF{Cf)'^F{W) - '^F{W)dF{W) = 

and 

dT{F{V))PT{F{V)) - PT{F{V))dF{Cf) = 0- 

This implies 

PF{w)dF{Cf)'i'F{w) ^ PF{w)'i'F{w)dF{w) ^ dF{wy, 

PT{F(V))dF(Cf)'i'F(W) = PT{F{V))'i'F(W)dF{W) = 0; 
PT{F{V))dF{Cf)iT{F{V)) = dT(F{V))PT{F{V))'i'T{F{V)) = dT{F{V))'i 

SO we have checked that three of the matrix coefficients of dF(Cf) agree with the corre- 
sponding matrix coefficients of dp^f)- To calculate the last matrix coefficient, we first 
calculate the differential in Homj^^^^ W) of the graded morphism pw: 

d{pw) = dwPw - Pwdcf =dw{0 1 ) - ( 1 ) 

(0 dw)-{T{f) dw) = {-T{f) 0) = -T(/K(y)- 

Therefore F{d{pw)) = d{F{pw)) becomes 

-F{T{f)pT{y)) = dF{W)F{pw) - F{pw)dF(Cf), 

which implies 

PF{W)dF{Cf) = dF{W)PF{W) -\-T{F{f))pT{F{V))- 



( dT{v) 
V T{f) dw 



20 



PAVLE PANDZIC 



Now we can calculate the last matrix coefficient: 

PF{W)dF(Cf)iT{F{V)) = dF{W)PF{W)iT{F{V)) + ^(-^(/))Pt(F(1^))^T(F(1^)) = T{F{f)). 

This finishes the proof. □ 

Let us remark that in the classical situation one usually starts with a functor on the 
level of abelian categories, and then lets it act on complexes by acting on all components 
and on differentials. The action on chain maps is given componentwise. Such a functor 
obviously acts on graded objects and morphisms, and it trivially meets the conditions 
of 2.4.1. Therefore such a functor always defines a functor on the level of homotopic 
categories. 

The first functor for which the above conditions are nontrivial is Homj^_^ ^ -p-^ itself. Let 
V be an {A, K,V)-module. Then Homj-^^^ — ) is a functor from A4{A, K,V) into 
C{Vectc), which is compatibly defined on the level of graded modules; in both cases it is 
defined on morphisms by cc i— > o; o — . 

It is easy to show that Hom^^^^^ p)(V, — ) commutes with translation. It remains to 
show that the map sending a e Hom^_^^^ into 

a ^ ao - e Homc(Hom(^^^ Wi), Hom(^^^ -p) {V,W2)) 

is a chain map. Since Hom^_^^^ ^) is a subcomplex of Hom^(y,l^), this follows 
immediately from the first part of the following lemma. 

2.4.2. Lemma. Let V , Wi and W2 be complexes of vector spaces. 

(i) For a e Homc(Wi, W2), define a e Homc(Homc(V, Wi), Hom^CV, W2)) by a = 
a o —. Then the map a a is a chain map. 

(ii) The map a a ^ id from iiom^CWi, W2) into B.om.'c{Wi V, W2 ®c V) is a 
chain map. □ 

The proof of the lemma is straightforward, and hence we get 

2.4.3. Proposition. For any (A, K,T>) -module V, Hom^^^ -^^(V, — ) defines an exact 
functor from K{A, K,T>) into K{Vectic). □ 

We remark that similarly one can prove the analogous claim for the first variable, and 
it is then easy to show that Hom^^^ is an exact bifunctor from K{A, K,T>)°pp x 

K{A,K,V) into K{Vectc). 

The last question we want to address in this section is adjunction of functors on the 
homotopic level. The following easy fact is enough for most purposes. 

2.4.4. Proposition. Let F : M{A,K,V) — * M{B,T,£) he left adjoint to the functor 
G : M.{B, T, £) — >• M.{A., K, V). Suppose that both functors define the same named functors 
on the level of homotopic categories. Then F and G are adjoint functors between the 
homotopic categories. 
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Proof. The adjunction morphisms on the level of homotopic categories are defined as the 
homotopy classes of the adjunction morphisms on the level of complexes. The compo- 
sitions in the definition of adjunction are the identities because it is so on the level of 
representatives. □ 

In most situations the reason for F and G to define functors on the level of homotopic 
categories will be the fact that they satisfy the conditions of 2.4.1. If this is the case, and 
if the adjunction morphisms $x and \E'y are natural not only with respect to morphisms 
(which are in particular chain maps), but also with respect to graded morphisms (which 
are not necessarily chain maps), then we actually have the following stronger version of 
2.4.4 (2.4.4 follows from it by taking zeroth cohomology): 

2.4.5. Theorem. Let F : M{A, K, V) M{B, T, £) he left adjoint to G : M{B, T, £) 

A4{A, K^V) . Assum,e that both functors satisfy the conditions of 2.4-1, and that the ad- 
junction natural transformations $ and ^ are natural with respect to graded morphisms. 
Then 

Hom(B,T,£:)(i^^,^) = Hom(^,^,p)(X,GF) 
for any X e M{A,K,V) and Y E M{B,T, S) . 

Proof. We will adapt the standard proof of the fact that adjunction of two functors (defined 
by the equality Hom(FX, y) = Hom(X, GF)) is equivalent to existence of adjunction 
natural transformations; see [P2], A2.1.2. 
We define 

ax,Y : Hom(e^r^f)(FX,y) ^ Hom(_4^^^p) (X, ) 
and Px,Y in the opposite direction by 

ax,Y{f) = G{f) o ^x; /3x,y{9) = *y o F{g). 

This makes sense since F and G are defined on graded morphisms. The proof that a and 
P are natural, and that their compositions in both orders give identity morphisms, is the 
same as in the classical proof (but using our present assumptions). The only thing we have 
to show is that ax,Y is a chain map. However, using the fact that G induces a chain map 
between Hom -spaces, and that $x is a chain map, we see 

axAdf) = G{df) o ^x = d{Gf) o ^x = {dcY o Gf - {-l)'''^fG{f) o doFx) o ^x = 

doY o {Gf o ^x) - i-lf'^ f{G{f) o ^x) o dx = d{axAf))- 

Namely, deg(G(/) o $x) is clearly the same as deg/. □ 

2.5. Change of DG algebras. Let (^, i^, P) and (^, f) be triples as in Section 2.2, 

with (f), if), X£i XVi Pe s-nd Pd the corresponding maps. Let ol:T> — > £ be a morphism of 
DG algebras, intertwining the K-actions, and such that 



PS = ao px). 
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Then a defines a forgetful functor For from M.{A^ K, S) into M{A^ K, V) in the obvious 
way: the T> action is obtained by composing the £^-action with a. We want to construct 
adjoints of For. 

For simphcity, we assume that both T) and £ have principal antiautomorphisms, com- 
muting with the i^T-action, which we denote by t in each case; we also assume that 
V(0 — ~P{i) ^^^y ^ £ ^ ^^^d that the morphism a intertwines the i's. This will 
be satisfied in all the examples we need, and it simplifies matters by allowing us to work 
with left modules only. 

To construct the left adjoint, let V be an [A, i^, "D) -module, with actions of A^ vy 
of K and ujv of T>. We consider it a right DG module over V as in 2.2.3. Now we consider 
V ®c ^- It is a right DG module over £ for the right multiplication in the second factor; 
as a complex, it is the standard tensor product of complexes (see the construction of the 
tensor algebra in 2.2). Let Z be the linear subspace of V ®c ^ spanned by all elements of 
the form 

vx ® e — V ® xe 

for (homogeneous) x e f G V and e & £. Then Z is easily seen to be a subcomplex and 
an ^-submodule of V ®c Therefore, V ®x> £ = {V ®c ^) /Z is a right DG module over 
£. We consider it a left ^-module by 2.2.3. In other words, the action is given by 

UJs{e){v ® e') = (_l)dege(dega.+dege')^ ^ g/ 

for e, e' e £ and v & V . 

We let A act on V ®x> ^ in the first variable, and K in both variables. In other words, 

7r(a) = 7ri/(a) (g) 1; v{k) = vv{k) ® Xsi^) 

for a e ^ and k e K. It is straightforward to see that these actions are well defined, and 
that in this way V ®x> ^ becomes an {A, K, £^)-module. 

Clearly, in this way we have defined a functor V ^ V ®ti ^ from Ai (»4, T>) into 
Ai{A, K, £). This functor is left adjoint to For. The adjunction morphisms are given as 
follows. For an {A, K, D)-module V, ■ V ^ V ®v £ is given by 

For an {A, K, £:)-module W, '.W <^t>S is given by 

^w{w^e) = (-l)d'^s«^d^s^a;vKCe)t(;. 

It is easy to see that these morphisms are well defined, that $\/ is an { A, K, D)-morphism 
and that is an {A, K, £^)-morphism, and that in this way we really get adjunction. So 
we have 
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2.5.1. Theorem. The functor V i-^ V(S>v^ described above is left adjoint to the forgetful 
functor from M.{A, K,£) into M.{A, KjV). The same is true on the level of homotopic 
categories. 

Proof. It remains to prove the claim about homotopic categories. It is clear that — <^x> ^ 
is well-defined on the level of graded modules. To check that this functor commutes with 
translation, we use the obvious identification of T{V) ®v ^ and T(y ®x> £)■ The actions 
of A and K obviously agree, and it is straightforward to check that the action of £ and 
the differential agree as well. 

To apply 2.4.1, it remains to show that our functor induces chain maps between corre- 
sponding Hom -complexes. However, this follows from 2.4.2. (ii). □ 

Remark. It would look more natural to consider the similarly defined functor V ^ £ ®x> V 
instead of the above functor. This would eliminate passing from left to right modules and 
back. On the other hand, in the usual definition of the standard complex of a Lie algebra 
the z^'s come from the right multiplication. We do not want to change this, and one of 
the important examples will be "D = U{t), £ = N{t). Hence we consider V ®x> £, with 
action given by right multiplication. 

We will not use the other adjoint in this paper, therefore we describe it only briefly. 
For an {A, K, Z))-module V, we first consider the complex Homp(6^, V). Hom^ is defined 
similarly to Hom'^^^ ^ -p-^ from 2.4; here £ is considered a P-module via left multplication. 
We let A act on }iom.jy{£, V) in the second variable, K on both variables, and £ by right 
multiplication in the first variable, i.e., by 

(a;(e)/)(e') = (_l)dege(deg/+dege') 

for (homogeneous) / e Hom^(£^,F) and e, e' e £. One easily checks that Hom2?(£^,F) 
satisfies all the properties of an {A, K, £^)-module, except that the K action is in general 
not algebraic. To fix this, we take the K-algebraic part, and consider the functor 

V\ — ^ Homp(£:,y)'*'5. 

One now checks that this functor is right adjoint to the forgetful functor. 

2.5.2. Examples. Here are the two most important cases of the above constructions for 
our applications. 

(i) V = U{V), £ = N{1). Then is just the category C[M{A,K)^) of 

complexes of weak (^, i^)-modules, and M.{At K N [t)) is the category C{AtK) 
of equivariant [A, -fC) -complexes. For is just the obvious forgetful functor, and the 
left adjoint of For is 

V^Ci{V) = V®u{i) N{1). 

Since N{t) is a free W(t)-module for the left multiplication, this functor preserves 
acyclicity, i.e., if a complex of weak (^, i^)-modules V is acyclic, then Ci{V) is 
also acyclic. 
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For has also a right adjoint (which we won't need): 

C^=Homj,(,)(iV(!),-). 

Here we do not need to take the algebraic part since N{t) is finitely generated over 
U{t). This functor also preserves acyclicity. 
(h) V = N{t), £ = C and a : N{t) C is the counit map (see 2.2.4). Then 
M{A, K, N{Vj) = C{A, K) as in (i), while A<(^, C) is the category C{M{A, K)) 
of complexes of (.4., -ftr)-modules. The corresponding forgetful functor can be de- 
scribed in the following way: a complex V of {A^ -fC)-modules can be viewed as 
an equivariant (.4, K) -complex, if we define all i^'s to be 0. We will denote this 
functor by Q. The left adjoint of Q is the functor 

V I — >V C, 

i.e., the functor of taking A^(t)-coinvariants. The right adjoint of Q is the functor 
of taking A'"(l)-invariants. 

2.6. A property of K-projectives. Let us recall that an {A, K, I?)-module V is called 
K-projective, if for any acyclic (.4, K, P)-module W, tloinx{A,K,v){V: W) = 0. Dually, one 
defines K-injective {A, K, X>)-modules: V is K-injective if for any acyclic {A, K, D)-module 
W, RomKiA,K,v){W,V)^0. 

Since any translate of an acyclic object is acyclic, one sees that V is K-projective if and 
only if for any acyclic {A, K,V)-module W, the complex Hom^(-^^^ 2?^(F, VF) is acyclic. 
A similar claim holds for K-injectives. Also, the K-projectives form a null system in 
K{A,K,V), and so do the K-injectives. See [P2], §§A1.1, A1.4. 

The purpose of this section is to prove a property of K-projectives, which is actually 
a property of any null system. This property is proved in 2.6.4 below. It says that if 
an {A, K, r')-module V has a finite filtration such that the corresponding graded modules 
are K-projective, and if this filtration satisfies a certain splitting condition, then V is K- 
projective. We will need this property in Section 4.2 to show that the standard complex 
A^(i^) is K-projective in a certain category. This will imply that equivariant Zuckerman 
functors, which we define first on the level of homotopic categories, actually make sense 
on the level of equivariant derived categories. 

The property we need depends on certain properties of the cone, which seem to be 
interesting in themselves. First we define the notion of a semisplit short exact sequence 
(see [Sp]). A short exact sequence 

^0 

in A4{A, K,V) is semisplit if it is split in the category of graded (^, X>)-modules. In 
other words, we can identify V with W (B U as a graded module, but the inclusion of W 
is not necessarily a chain map. Clearly, for a morphism / : X — > y in A4{A., K^V), the 
short exact sequence 

^ y ^ C/ ^ T{x) 
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is semisplit. We are going to show that any semispht sequence arises in this way. 

Let 0— >C/ — >y— >Obea semispht short exact sequence. Then the matrix of 
the differential of V with respect to the decomposition V = W ®U is 



d 



V 



dw 
S du 



where 5 : W — > U is a, linear map of degree 1. We denote by the same letter the corre- 
sponding linear map from W into T{U) of degree 0. 

2.6.1. Lemma. The map 5 :W ^ T{U) is a morphism in M.{A, K, V). 

Proof. It is clear that 5 is an [A^ i^)-morphism. To see it is a D-morphism, we first note 
that for any x eV, 

ujwix) 
uju{x) 



LiJv{x) — 



since V = W ® U as a "D-module. Let v — i ^ ] E V. Since F is a DG module over V, 

we have 

dv{u}v{x)v) = ujv{dvx)v + {-l)'^^^''ojv{x)dv{v), 

which becomes 

dw{i^w{x)w) \ — ( ujw{dx,x)w + {-lY^^''u)w{x)dw{w) 

5{low{x)w) + du{uju{x)u) J \LOu{dx)x)u + {—lY^^'^{uju{x)5w + u;u{x)duu) 

in the matrix representation. Since W and U are also DG modules over P, this implies 

6ujw{x) = {-l)'^''^''uju{x)S = ujt(u){x)S, 

so 6 is indeed a "D-morphism. 

It remains to show that 5 is a chain map. However, dy = 0, i.e., 

Sdw + djjS dij 



hence 



Sdw = —duS = dT(u)S- 



This finishes the proof. □ 

Now we see that V is the cone of the morphism T~^{S) : T~^{W) — * U. Namely, 

V = T{T-'^{W)) e C/ as a graded module, and its differential is ( ^ ) > which 

\ J- [1 0) du J 

is equal to dT-^5- Therefore we have proved the following characterization of the cone. 
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2.6.2. Proposition. Let 0— >?7 V — > W — > be a semisplit short exact sequence in 
M.{A, KjV). Then any choice of a splitting for this sequence exhibits V as the cone of a 
morphism from T~^{W) into U . □ 

This has the following immediate consequences, which are useful for proving that certain 
objects are K- projective or K-injective (see 3.2.6). 

2.6.3. Corollary. Let ^ U — >y— >0 6ea semisplit short exact sequence in 
A4{A, K, V) . Let M he a null system in K{A., K, V). Then if any two of the objects U , V 
and W are in Af, so is the third. 

Proof. From 2.6.2 we see that we have a distinguished triangle 

T-\W) 

in K{A, K.V). Therefore the claim follows from the properties (N2) and (N3) of a null 
system. □ 

2.6.4. Corollary. Let be a null system in K{A, K^V) and let V be an (A^K,!))- 
module. Assume 

= FqV C FiF C • • • C Fr^V = V 
is a finite filtration of V by {A, K, T>)-submodules, such that the graded objects 

GnV = FiV/Fi_^V, z = l,...,n 

belong to N . Assume further that FiV is isomorphic to Fi-iV © GriV as a graded 
{A, K.V) -module. Then V belongs to M . 

Proof. Starting from e A/" and using 2.6.3, we prove inductively that FiV belong to M 
for all i. In particular, for i = n we get that V belongs to M. □ 

It is possible to generalize 2.6.4 to infinite filtrations, both increasing and decreasing (for 
decreasing filtrations, one needs a finiteness assumption). These generalizations together 
with the results of 2.5 lead to constructions of enough K-injectives in K{A., K,T>), and 
also K-projectives in case K is reductive. The construction of K-projectives is explained 
in [P2], §1, while the construction of K-injectives was done in [BL2], 1.15.3, in essentially 
the same way. Both constructions are explained in detail in [PI], §5.6. 

3. Equivariant Zuckerman functors 

In this section we consider a situation as in Section 1.3: {A, K) is a Harish-Chandra pair, 
and 7 : T — > K is a morphism of algebraic groups. We will assume that the diff'erential of 
7 is injective, so that the Lie algebra t of T can be viewed as a Lie subalgebra of the Lie 
algebra t of K, and A^(t) can be viewed as a DG subalgebra of N(t). Note that {U{t),T) 
is another Harish-Chandra pair in the obvious way. 

In this section we are going to construct the right adjoint j, of the forgetful functor 
from the category of equivariant (^, JC)-complexes (i.e., (^, K, A'"(fi))-modules) into the 
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category of equivariant (^4, -complexes (i.e., {A, T, A^(t)) -modules). will also define 

a functor between the corresponding homotopic categories. Furthermore, we will show 
that, in case T is reductive, this functor is "acyclic" (i.e., preserves acyclic complexes, or 
equivalently, preserves quasiisomorphisms) . It follows that this functor defines a functor 
between the corresponding equivariant derived categories, denoted again by F^^. This 
is the equivariant analogue of the derived Zuckerman functor. Finally, is given on 

all levels by the same explicit formula (not involving resolutions) , analogous to the Duflo- 
Vergne formula from 1.3.3. 

We will further show that in case ^ is a fiat W(l)-module for the right multiplication, 
the cohomology modules of r^y(y), for an (^, T)-module V viewed as an equivariant 
complex concentrated in degree 0, are equal to the classical derived Zuckerman functors 
of F. 

One advantage of the equivariant construction over the classical one is the fact that the 
equivariant construction is independent of A; in particular, if [q, K) is a Harish-Chandra 
pair, then the same formula describes the adjoint for A = U{q) and for A = Ug, the 
quotient of U{q) corresponding to an infinitesimal character. This leads to a natural way 
of localizing the Zuckerman construction; see [MPl], §4, and [MP2]. 

3.1. Construction of equivariant Zuckerman functors. Let V be an equivariant 
(^, r)-complex, i.e., an (^, T, A''(t))-module. Let tt^, i^v and ujv be the corresponding 
actions. We consider y as a complex of weak [A, T)-modules and apply to it the functor 
Indw from Section 1.3. In this way we get a complex of weak (^, i^)-modules Indu,(F) = 
R{K, V) = R{K) <S)c V- We denote the corresponding actions of A and K by ttr and vr; 
recall that vn is just the right translation, and that for a e ^ 

(7rfl(a)F)(/c) = 7Tv{<pK{k)a){F{k)), k e K. 

Both of these are actions by chain maps. Note that the differential of R{K, V) is induced 
by the differential of V. 

Now we want to construct a (I, T, A^(t))-action on R{K,V). We already constructed 
actions Af of t and At of T in Section 1.3; they were both given as the tensor product 
of the left regular action on R{K) with the given action on V. Clearly, in our present 
situation when F is a complex, they are actions by chain maps (namely, the actions Try 
and vy are by chain maps). Therefore, R{K, V) is a complex of weak (t, T)-modules with 
respect to A I and Ay. 

We define an action of A'"(t) on R{K, V) by 

{XN{n)F){k) = u;v{n){F{k)), k e K, 

for n e -^^(t) and F G R{K, V). In other words, \n is the tensor product of the trivial 
action of A'"(t) on R{K) with the given action on V. It is clearly a DG action. 
The following lemma is straightforward. 
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3.1.1. Lemma. LetV be an {A, T, N{t)) -module. Then 

(i) With the above described action X, Ind^iV) — R{K,V) is a {t,T, N{t)) -module; 

(ii) The actions ttji and of A and K on R{K,V) commute with the X-action; 

(iii) Let (p : V — > W be a morphism of {A, T, N(t)) -modules. Since ip is a morphism 
of complexes of weak {A, T) -modules, we can consider the morphism Indwip) 
complexes of weak {A, K) -modules. Then Iiidw{(p) intertwines the X-actions. □ 

Consider now the standard complex N{t) of t as a (l,T, A^(t))-module, in the foUowing 
way. I acts by ttat which is the left multiplication, T acts by the action un induced by (f), 
and iV(t) acts by lon which is the right multiplication twisted to a left action: 

for m e N(t) and n G N{i). Here i is the principal antiautomorphism of A^(t), which is 
the same as the restriction of the principal antiautomorphism of N{t). See Section 2.2, in 
particular 2.2.3. 

It is straightforward to check that in this way iV(t) indeed becomes a {t, T, A^(t))-module. 
We define 

r^V(F) = Hom(j,^,^(t))(iV(fi), RiK, V)), 

where the {t, T, A^(t))-action on R{K, V) is the A-action. r^y(F) is a complex of vector 
spaces as we saw at the beginning of Section 2.4. 

Recall from Section 2.4 that the condition for / : N{t) R{K,V) to be an N{i)- 
morphism is 

f{u;N{m)n) = {-l)''''^f^'^^XN{m){f{n)). 
We define actions of A, K and N{t) on / e r^ y(F) as follows: 

7rr{a)f = 7rR{a) o f, a e A, 

Mk)f = Mk)of, keK, 

ioJrin)f)im){k) = i-l)''^^^''^^ffiAdki'n)m)ik) 
for a e A, m,n e N{i) and k e K. 

3.1.2. Theorem. With the above actions, r^y("l/) is an {A, K, N{t)) -module. Further- 
more, V^ j. is a functor from M{A, T, N{t)) into M{A, K, N{1)). 

Proof. It is clear from 3.1.1 that TTr and z/p are well-defined actions by chain maps. It is 
also clear that z/p is algebraic, and that 7rr is z/p-equi variant. 

Let us prove that the action is a well-defined DG action. Let / G V^^ j,{y) and 
n G N{V). First, it is obvious that ujr{n)f is a linear map of degree degn-l- deg/. We 
have to prove that LOr{n)f is a (fi, T, A'"(t))-morphism; then it will be clear that ujt is a DG 
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action. Namely, it is clear that {fn){m) = f{nm), n,m e N{t), f G r^y(V), defines a 
right DG action of N{t). Hence the same is true for 

{f n){m){k) = f {Ad k{n)m){k), k e K, 

and so, by 2.2.3, ur is a left DG action of N{t). 

It is straightforward to check that u>r{n)f is a T-morphism and an A''(t)-morphism. To 
see that it is also a fi-morphism, let X e t. Then 

XiX)((oJrin)f)im))(k) = 7rv{X){{u;r{n)f)(m)ik)) + Lx{{uJv{n)f){m)){k) = 

(-1)'^^"'^^ V(^)(/(Ad/c(^n)m)(fc)) + |((a;r(n)/)(m))(exp(-tX)/c)|^^„ = 

^-lf-^nAeU^^^^X){f{kdk{'n)m){k)) + j^f{k^^^ 

(-l)^'^s (Try (Ad /cOn)m) (A;) ) + 

/(-[X,AdA;('n)]m)(/c) + ^/(Ad/c(^n)m)(exp(-tX)A;)|^^Q) = 

{-1)'^''^''^''^^ {f{X Mk{'n)m){k) - f{[X,kdk{'n)]m){k)) = 

f{Adk{'n)Xm){k) = {u;r{n)f){Xm){k), 

for any m E N{t) and k E K. Here we used the fact that since / is a t-morphism, 

nv {X){f {Ad kCn)m){k)) + ^/(Ad A;(^n)m)(exp(-tX)A;)|^^Q = f {X Ad k{''n)m){k), 

for any (fixed) k E K. 

The i^r-equivariance of cor and the commuting of ujr and TTr are straightforward. 

It remains to show that u-p — ttt = ojr on 5. This follows from 1.3.1, which says that for 
any F e R{K, V) and X e t we have 

{uR{X)F){k) - (7r«(X)F)(fc) = {u;R{X)F){k) = -(A,(Ad/c(X))F)(/c), 

for any k E K. 

This shows that r^y(F) is indeed an {A, K, A'"(B))-module. It is now easy to check that 
is a functor; its action on a morphism (p : V ^ W of (^, T, A'"(t))-modules is given 

by' 

re,T(^)(/))HW = ^(/HW)' 
for / e r^y(y), n G iV(e) and /c e □ 
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3.1.3. Theorem. The functor right adjoint to the forgetful functor from the 
category M(A, K, N(t)) into the category M{A, T, N(t)). 

Proof. We will just define the adjunction morphisms and leave the straightforward checking 
to the reader. For an {A, K, iV(«))-module V, we define - V ^ r^y(y) by 

foYveV.ne iV(fi) and k E K. For an (A, T, iV(t))-module W we define ■ ^ktO^) ^ 
W by 

*w^(/) = /(l)(l) 

for / e r^V(w-). □ 

Now we want to show that F^j, defines an exact functor on the level of homotopic 
categories. The proof of this is essentially the same as the proof of 2.4.3. Namely, the 
proof of functoriality of F^^ in 3.1.2 shows also that F^^ transforms graded {A, T, A'"(t))- 
morphisms into graded i^T, A^(6))-morphisms. On the other hand, it was proved in 
the proof of 2.4.3 that F^^ satisfies the other conditions of 2.4.1; namely, these other 
conditions are independent of the {A, K, A'"(t))-action and depend only on the structure of 
a complex of vector spaces. 

So F^y indeed defines an exact functor between the homotopic categories, which we 
denote again by F^ j,. By 2.4.4 (or 2.4.5), it is still adjoint to the forgetful functor on the 
homotopic level. Hence we have proved 

3.1.4. Proposition. F^^ defines an exact functor from the category K{A,T, N{t)) into 
the category K{A, K, N{t)). This functor is right adjoint to the forgetful functor. □ 

To pass to derived categories, we assume that T is reductive (for the case of non- 
reductive T, see [MPl], §2). In that case, we are going to prove that F^^ is an acyclic func- 
tor, i.e., transforms acyclic equivariant (^, T)-complexes into acyclic equivariant (A, K)- 
complexes. This implies (see [P2], §A1.2) that it also transforms quasiisomorphisms into 
quasiisomorphisms, and hence defines a functor on the level of derived categories; this 
functor is equal to F^ on objects, and acts on triples in the obvious way. 

To show this, note first that if V is an acyclic equivariant {A, T)-complex, then R{K, V) 
is also acyclic, either as a complex of weak (.4, -ftr)-modules, or as a (t, T, A^(t)) -module. 
On the other hand, acyclicity of F^y(F) can be checked on the level of vector spaces. 
Therefore, it is enough to show that the functor Hom^j ^^(t)) (^(^)) ~) transforms acyclic 
(t,T, A^(t))-modules into acyclic complexes of vector spaces. 

In other words, we need to show that N{t) is a K-projective (t, T, A^(t))-module (see 
[P2], §A1.4 and also §2.6 in this paper). This will be proved in 3.2.6 below. Since F^ j,(y) : 
D{A, T, N{t)) D{A, K, N{t)) remains adjoint to the forgetful functor (see [P2], A2.3.2), 
this will imply the following theorem. 
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3.1.5. Theorem. Assume T is reductive. Then the functor is acyclic and hence 

defines the same named functor on the level of derived categories, from D{A, T, N{t)) into 
D{A, K, N{t)). This functor is right adjoint to the forgetful functor. □ 

3.2. K-projectivity of N{t). To prove that N{t) is a K-projective (6, T, Ar(t))-module, 
we use the Hochschild-Serre fihration (see [HS]), which we now describe. To construct 
this filtration we do not need T to be reductive; this wiU be required only in the proof of 
K-projectivity. 

Let p be an integer between and dimt. We consider ©^Lo-^ H^)- This is clearly a sub- 
complex and a (t, T)-submodule of N{t); however it is not an A'"(t)-submodule. Therefore 
we define 

F,N{i)=u;r,{Nm(BUN-\i)). 

This is now clearly an A^(t)-submodulc: however it is also a fi-sub module since and un 
commute, and a T-submodule since a; at is T-equivariant and A^(t) is T-invariant. Finally it 
is a subcomplex by the DG property of a; at. Hence we have defined an increasing filtration 
of N{t) by (t, T, iV(t))-submodules. 

In the following lemma we describe FpN{t) more explicitly. In particular, from this 
description it will become clear that our filtration is really the Hochschild-Serre filtration. 
The proof is straightforward. 

3.2.1. Lemma. For k<p, FpN-^{l) = N-''{t). For k > p, 

Here the right hand side is a subspace of N~^{1) via multiplication in N{t). □ 
In this description of the filtration, the containment FpN{t) C Fp+iN{i-) becomes 

N-P{t)f\''~''{t) C N-P-\i)/\''-P-\i), 

the inclusion being given in the obvious way, i.e., by 

{u (g) 0(^71 A • • • A r]k-p) = C A ?7i)(^2 A • • • A rjk-p). 

Furthermore, it is clear that -Fdimt^(fi) = N{t), while FoN{t) = U{t)/\{t) can be identified 
with U{t) Oc A(t)- We define F_iiV(t) = 0. 

We want to identify the graded object corresponding to this filtration. For this we need 
the following lemma about exterior algebras, the proof of which follows easily from the 
results in [Bo], III.7. 

3.2.2. Lemma. Let t be a finite dimensional vector space and t a subspace of t. Denote 
by TT the canonical graded map from into induced by the projection B — > fi/t. 
Then 

(i) TT is surjective and its kernel is /\{t)t, the ideal in generated by t; 



32 



PAVLE PANDZIC 



(ii) The higraded linear map 

m-.m ®cm^mm 

given by multiplication is surjective and its kernel is contained in /\{t)t^c A(^)/ 

(iii) The map tt* ® 1 : /\\t) ®c /\' i^) ^ A*(Vt) ®c A^ (t) defines a map 

¥':A'(e)A'(t)^A'(e/t)®cA'(t) 

such that TT* (8) 1 = o m. The kernel of ip is 

K-\tW+\t) = {K-\mA'{i) c A^(e)A^(t). □ 

3.2.3. Remark. We are, of course, going to apply 3.2.2 in the case studied above, of a 
Lie algebra I and its subalgebra t. In that case, T acts on I, t and t/t, and hence on the 
corresponding exterior algebras. It is then obvious that all the maps considered in 3.2.2 
are T-morphisms. It is also clear that the maps m and (p from 3.2.2 are morphisms with 
respect to the action of via right multiplication. 

We are ready now to describe the graded object corresponding to our filtration. Consider 
the algebraic T-module as a weak (C, T)-module. We can apply the functor 

indz^(j)^c from Section 1.2 to this module. In this way we get a weak (5, T)-module 

inde,(t),c A^'lVt) = m) ®c A''(e/t); 

recall that i acts on this module via left multiplication in the first factor, while T acts 
on both factors. Now we can consider U{i) A^(Vt)[p]; it is a complex of weak (l,T)- 
modules concentrated in degree —p. We now apply the functor Ct from 2.5.2. (i) to this 
complex. In this way we obtain a {t, T, A^(t))-module 

Ct(indz,(,),c A''(fi/t)b]) = im ®c A^mM) ®uii) Nit). 

Recall from §2.5 that here the tensor product is taken with respect to the right action of 
U{t) on the first factor, which is the cu-action twisted by l, and the left multiplication in 
the second factor. The action of t on the above module is given by the left multiplication 

in the first factor, T acts on all three factors, while A^(t) acts on the third factor by right 
multiplication twisted by l. The differential is the tensor product differential, but since 
W(t) ®c A^(V^)W ^^^o differential, we see that 

d={-l)P l^dN, 

where djsf denotes the differential of N{t). 

Finally, let us note that that the above complex is concentrated in degrees between —p 
and —p — dim t. 
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3.2.4. Proposition. The graded object attached to the Hochs child- Serre filtration F N{t) 
is given by the above described modules: 

GrpN{t) = Q(indz,(e),c A^(Vt)b])- 

Proof. Let us first note that for p < k < p + dimt, Ct(indi^(5) c /\^(t/t) [p])"'^ can be 
identified with 

m) ®cA''(Vt)®cA'"''(t). 

In this interpretation, the actions of t, T and are given in the obvious way (as before), 
while the action of X e t° is still by right multiplication, but we have to use the commuting 
rules as follows: 

ujiX) (t( (g) A (g) //) = -uX (g) A (g) /i + tt (g) [X, A] ® /X + M (g) A (g) [X, //] . 

Let us define a graded linear map / : FpN{t) — > Ci{mdi{(^i^^c /\^{t/t)\p]) as follows: for 
k < p, — 0, while for k > p, 

: m) ®c A"(«)A'""(t) - m) ®c A"(vt) ®c A'"^(t) 

is 1 (g) where (p : A^(^)A''~^(t) A^(Vt) ®c is the map from 3.2.2. (in). Here 

we used the description of FpN{t) given by 3.2.1. 

By 3.2.2. (iii), / is surjective and its kernel is equal to 

m) ®c A^"'(fi)A'"^+'(t) 

in degrees —k, for k > p. It is clear that for k < p, ker = N~^{t). So, by 3.2.1, the 
kernel of / is exactly Fp-iN{t). Therefore to prove the theorem, it only remains to show 
that / is a morphism of {t, T, A^(t))-modules. 

It is obvious that / intertwines the fi-actions. By 3.2.3 it also intertwines the T-actions 
and the actions of t"-*^. To see that it also intertwines the actions of t°, note that these 
actions are given on both modules by right multiplication on U{t) tensored with the adjoint 
action on the other factor. However, the map (p intertwines the adjoint actions of T, hence 
also of t. 

In particular, we see that ifk>p, then for u (g) A G N-P{i) and n e N-^+P{t), we have 

f-\iu0X)-n) = f-Piu0X)-n, 

where — • n denotes the right multiplication by n on N{t), respectively on the last factor 
N{t) in {U{t) ®c A^(Vt)b]) ®w(t) N{t). Note also that (w(g A) • n e FpAr-'=(«), so f-^ can 
be applied to it. Using this, let us prove that / is a chain map. 

Let us fix /c > p; for k < p there is nothing to prove. Let (it 0^ ^e an element of 
FpiV-'=-i(t) = iV-P(fi)A''+'"^(t). Then 
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by the properties of d^. However, d^iu ® ^)r] is in Fp_iN~^{V} since r/ G ^"""^(t), so 
sends it to 0. Hence the above expression is equal to 

here we used the above remark. Now by 3.2.2. (iii), 

f'^iu (g)^) = u(g) = u(g)(f{^-l) =u® 7rP(0 ® 1, 

where tt^ : A^(Vt) induced by the projection t ^ t/i. So the above expression 

is equal to 

{-Ifu 7r^'(e) dNiv) = d{u ® 7r^'(0 r/) = d{u ® <p{^r])) = d{f-''-\{u ^)r])). 

So / is a chain map and this finishes the proof. □ 

Assume now that T is reductive. Then /\^{i/t) is a projective T-module, and hence 
indi^(t) c A^(Vt) ^ projective weak T)-module since ind^({) c is left adjoint to the 
forgetful functor from M{t,T)^ into M{T). This implies that ind^(|)^c A^(Vt)b] ^ 
projective complex of weak (t, T)-modules, since it is a translate of D{indu(^i)^c 
and D{P) is a K-projective complex for any projective object P in an abelian category 
(see [P2], Al.4.5). Now the functor Ct preserves K-projectives since it is left adjoint to the 
forgetful functor from equivariant complexes to weak complexes (see 2.5.2. (i)). Therefore, 
by 3.2.4 we see that GrpN(t) is a K-projective (fi, T, A/'(t))-module. Hence we have proved 

3.2.5. Corollary. // T is reductive, then the graded objects GrpN{l) corresponding to 
the Hochs child- Serre filtration are K-projective {t,T, N{t)) -modules. □ 

We can now finish the proof of K-projectivity of N{t) and hence also of 3.1.5. 

3.2.6. Theorem. IfT is reductive, N{t) is a K-projective {t,T, N{t)) -module. 

Proof. By 2.6.4, the only remaining thing to check is that for any p, FpN{t) is isomorphic 
to Fp-iN{t) © GrpN{t) as a graded (fi, T, iV(t))-module. 

Let p be a T-invariant complement of t in p exists since T is reductive. Identifying 
t/i with p gives an identification 

GrpN{t) = (Uit) 0c A''(P))W ®c A(t). 

As a graded module, the last module embeds into FpN{t) via the inclusion induced by the 
isomorphism 

A(P) ®cA(t)--A(«), 

which is given by multiplication. This inclusion clearly gives the required splitting. □ 

Now we will tie this with the well known construction of the relative standard complex 
used to calculate {t, T)-cohomology. Note first that it follows from 2.2.6 that the counit 
morphism 

s : N{t) C, 



EQUIVARIANT ANALOGUES OF ZUCKERMAN FUNCTORS 



35 



which is well-known to be a resolution of C by free W(6)-modules, is also a K-projective 
resolution of the trivial {t, T, A'"(t))-module C. Namely, it is obvious that £ is a T-morphism 
and an Ar(t)-morphism. 

However, C is actually a (£, T)-module, and we know from 2.5.2. (ii) that the forgetful 
functor Q from complexes of (6, T)-modules into (1^, T, A^(t))-modules has a left adjoint 
— (8)7V(t)*C, that is, the functor of A'"(t)-coinvariants. Therefore s factors through a morphism 

S : N{t) ®jv(t) C ^ C 

of complexes of (fi, T)-modules. Let us show that 5 is a quasiisomorphism. Note that 
s = Sop, where p : N{t) — > N{t) (8)jv(t) ^ is given by n i— > n® 1; p is actually the adjunction 
morphism. Therefore it is enough to show that p is a quasiisomorphism. However, if we 
identify N{V) with N{V) <^N{t) N{t), then p gets identified with 

1 ® £' : N{i) N{i) N{t) C, 

where e' : N{t) — > C is the counit morphism, which is again a quasiisomorphism. By 
Poincare-Birkhoff-Witt Theorem (2.2.1), N(t) is a free right A^(t)-module for the right 
multiplication. Therefore, by [BLl], 10.12.4.4, it is a K-fiat A''(t)-module and it follows 
that 1 (8) e' is a quasiisomorphism. 

On the other hand, since the functor — (8)jv(t) ^ preserves K-projectives, N{t) <8)iv(t) ^ 
is a K-projective complex of (5, T)-modules. In fact, its components are easily seen to be 

so they are projective (t, r)-modules. Namely, A*(p) projective T-modules, that is, 
projective (t, T)-modules, and the above modules are mdu(^i^^u(^i) A*(p)) so they are pro- 
jective by 1.2.3. 

Note that the above modules are also finitely generated U (t)-modules. To conclude 
3.2.7. Proposition. IfTis reductive, then the morphism 

N{t) ®iv(t) C ^ C 

constructed above is a resolution of the trivial {t,T)-module C by projective {t,T) -modules, 
which are finitely generated as lA (I) -modules. □ 

Of course, this is just the well-known relative standard complex (see e.g. [BW]). 

3.3. Equivariant versus classical Zuckerman functors. In this section we relate 
the equivariant construction from Section 3.1 to the classical Zuckerman construction. 
Let V be an (^, T)-module. Let D{y) be the corresponding complex of (^, T)-modules 
(concentrated in degree 0). Consider the corresponding (^, T, A^(t))-module Q{D{y)) {Q 
is as in 2.5.2. (ii)). This is again a complex concentrated in degree and having V as the 0*'* 
component; the actions of A and T are the same as on F, while the action of A'"(t) is trivial. 
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Let US consider the module R{K, Q{D{V))). As a complex of weak {A, -ftr)-modules, with 
actions Tr^ and vr, it is just D{R{K, V)). As a (fi, T, A'"(t))-module, with action A, it must 
be equal to Q{D{R{K, V))) since it is concentrated in degree 0. It follows that 

r^V(Q(^(^)))=Hom(,,^,^(,))(iV(e),Q(I?(i?(K,F)))). 

As we already mentioned, by 2.5.2.(ii), Q : K{Mit,T)) K{t,T, N{t)) has a left adjoint, 
the functor — ®iv(t) C of A'"(t)-coinvariants. Since both these functors satisfy the conditions 
of 2.4.5, the stronger variant of adjunction from 2.4.5 holds, i.e., we have 

Honi(e,T,7V(t)) iN{t)^ Q{D{R{K, V)))) = Hom(j,^)(iV(e) C, D{R{K, V))). 

The actions of A, K and N{V) are given on the right hand side in the same way as on the 
left hand side: A and K act on the second variable, while N{t) acts on the first (by left 
multiplication). With this definition, it is obvious that the above equality is an equality 
of {A, K,iV(t))-modules. 

However, as we saw in 3.2.7, A'"(B) (8)jv(t) C is a projective resolution of the trivial module 
C in the category of (t, T)-modules. It follows that as a complex of weak [A, -fC)-modules, 

V'^l^iQiDiV))) = i?Hom(,,T)(i^(C),i?(i?(K, V))). 

In particular, we get 

3.3.1. Lemma. Let V he an {A, T) -module. If T is reductive, then the cohomology 
modules of rp{Q{D{V))) are given by 

H^{V^l^{q{Diy)))) = Ext^, V)) 

as {A., K) -modules. Here R{K,V) is considered as a {t,T)-module with respect to the 
X-action. □ 

Using 1.3.3, we finally get 

3.3.2. Theorem. Assume that T is reductive and that A is a flatlA{V) -module for the right 
multiplication (for example, this is true for A — U{q), where {q, K) is a Harish- Chandra 
pair). Let V be an {A,T)-module. Then the cohomology modules of V^j^ rp{Q{D{V))) are 
equal to the classical derived Zuckerman functors ofV. □ 

References 

[BB] A. Beilinson, J. Bernstein, A proof of the Jantzen conjecture, (preprint), M.I.T. and Harvard 
University (1989). 

[BLl] J. Bernstein, V. Lunts, Equivariant sheaves and functors, Lecture Notes in Math., vol. 1578, 

Springer- Verlag, 1994. 

[BL2] J. Bernstein, V. Lunts, Localization for derived categories of (g, K) -modules, J. Amer. Math. 
Soc. 8 No. 4 (1995), 819-856. 



EQUIVARIANT ANALOGUES OF ZUCKERMAN FUNCTORS 



37 



[BW] A. Borel, N. Wallach, Continuous cohomology, discrete subgroups, and representations of reduc- 
tive groups, Annals of Math. Studies, vol. 94, Princeton University Press, Princeton, 1980. 
[Bo] N. Bourbaki, Algebre, Ch. 1 a 3, Bourbaki, Paris, 1970. 

[De] P. Deligne, Cohomologie a supports propres, SGA 4, Lecture Notes in Math., vol. 305, Springer- 

Verlag, Berlin Heidelberg, 1973. 
[DV] M. Duflo, M. Vergne, Sur les functeurs de Zuckerman, C. R. Acad. Sci. Paris 304 (1987), 

467-469. 

[EW] T.J. Enright, N.R. Wallach, Notes on homological algebra and representations of Lie algebras, 

Duke Math. J. 47 (1980), 1-15. 
[GM] S. L Gelfand, Yu.L Manin, Methods of homological algebra, Springer- Verlag, Berlin, Heidelberg, 

New York, 1996. 

[G] V. A. Ginzburg, Equivariant cohomology and Kdhler geometry, (Russian), Funktsional. Anal, i 

Prilozhen. 21 no. 4 (1987), 19-34. 

[HMSW] H. Hecht, D. Milicic, W. Schmid, J. A. Wolf, Localization and standard modules for real semisim- 
ple Lie groups I: The duality theorem, Inventiones Math. 90 (1987), 297-332. 

[HS] G. Hochschild, J. P. Serre, Cohomology of Lie algebras. Annals of Math. 57 (1953), 591-603. 

[II] L. Illusie, Complexe cotangent et deformations I, Lecture Notes in Math., vol. 239, 1971; //, 

Lecture Notes in Math., vol. 283, Springer- Verlag, Berlin Heidelberg, 1972. 

[KS] M. Kashiwara, P. Schapira, Sheaves on manifolds. Springer- Verlag, Berlin Heidelberg, 1990. 

[KV] A.W. Knapp, D.A. Vogan, Gohomological induction and unitary representations, Princeton Uni- 
versity Press, Princeton, 1995. 

[MPl] D. Milicic, P. Pandzic, Equivariant derived categories, Zuckerman functors and localization. 
Geometry and representation theory of real and p-adic Lie groups (J. Tirao, D. Vogan, J. A. Wolf, 
eds.). Progress in Mathematics 158, Birkhauser, Boston, 1996, pp. 209-242. 

[MP2] D. Milicic, P. Pandzic, Cohomology of standard Harish- Chandra sheaves, (in preparation). Uni- 
versity of Utah and University of Zagreb. 

[PI] P. Pandzic, Equivariant analogues of Zuckerman functors, Ph.D. thesis. University of Utah, 
1995. 

[P2] P. Pandzic, A simple proof of Bernstein-Lunts equivalence, arXiv: math.RT/0401105. 

[Sch] M. Schenuert, The theory of Lie superalgebras. Lecture Notes in Math., vol. 716, Springer- Verlag, 
Berlin Heidelberg, 1979. 

[Sp] N. Spaltenstein, Resolutions of unbounded complexes, Compositio Math. 65 (1988), 121-154. 

[Ve] J.L. Verdier, Categories derivees, etat 0, SGA 4^, Lecture Notes in Math., vol. 569, Springer- 
Verlag, 1977. 

[Vo] D.A. Vogan, Representations of real reductive Lie groups, Birkhauser, Boston, 1981. 

[VZ] D.A. Vogan, G.J. Zuckerman, Unitary representations with non-zero cohomology, Compositio 

Math. 53 (1984), 51-90. 
[W] N.R. Wallach, Real reductive Groups I, Academic Press, Boston, 1988. 



Department of Mathematics, University of Zagreb, PP 335, 10002 Zagreb, Croatia 
E-mail address: paiidzic@math.hr 



